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SOME PROPERTIES OF GENERALIZED HYPERGEOMETRIC APPELL 

POLYNOMIALS 


In this paper, we present a new real-valued Appell-type polynomial family 
n, m G No, fc G N, every member of which is expressed by mean of the generalized hypergeomet¬ 


ric function pFg 
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and is the Appell-type polynomial family simultaneously. 

The generating exponential function of this type of polynomials is firstly discovered and the 
proof that they are of Appell-type ones is given. We present the differential operator formal 
power series representation as well as an explicit formula over the standard basis, and establish 
a new identity for the generalized hypergeometric function. Besides, we derive the addition, 
the multiplication and some other formulas for this polynomial family. 

Key words and phrases: Appell sequence, Appell polynomials, generalized hypergeometric 
polynomials, generalized hypergeometric function. 
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1 Introduction 

In [16], P. Appell presented polynomial sequence {A„(a;)},n = 0,1,2,..., such that 
degAn{x) = n and satisfying the identity 

A'^{x) = nAn-i{x), 

where Aq{x) ^ 0, which is called the Appell polynomials sequence. 

An arbitrary Appell polynomial sequence possesses an exponential generating function 
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here A{t) is a formal power series 

A(t) = Oq + flit + fl 27 rr + ■ ■ ■ + fln—r + ■ ■ ■ ) flo 7^ 0- 

21 n\ 

The Appell-type polynomials An{x) are expressed in the terms of {fl^} as follows 



( 1 ) 


The simplest example of Appell-type polynomials is the monomial sequence = 

0,1, • ■ ■ ) other examples are the Bernoulli, the Euler polynomials and the Hermite polyno¬ 
mials. For more examples one can consult [1], [5]. 

The Appell-type polynomials perform a large variety of features and are widely spread 
at the different areas of mathematics, namely, at special functions, general algebra, combi¬ 
natorics and number theory. Recently, the Appell-type polynomials are of big interest. The 
modern researches give the alternative dehnitions of Appell-type polynomials and apply new 
approaches based, for instance, on the determinant method or in Pascal matrix method (see, 
e.g., [8], [15]). Consequently, many new properties of those polynomials are described and a 
great deal of identities involving Appell-type polynomials are obtained (see [7], [10], [9]). 

Let us recall that the generalized hypergeometric function is dehned as follows 
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where fli, fl 2 ,..., ap, bi, • • •, are complex parameters and none of bi equals to a non¬ 
positive integer or zero, denotes the Pochhammer symbol (or rising factorial) dehned 
by = x{x + l){x + 2) ■ ■ ■ (x + n — 1) for n > 1 and x^^'^ = 1. Further on, we denote the 
generalized hypergeometric function by pFq for brevity. 

We note that the Gauss hypergeometric function 2 F 1 and the Kummer hypergeometric 
function iFi are the partial cases of (2). 

Apart from the Appell-type polynomials, there exist some polynomial families which 
admit representation via the partial cases of the generalized hypergeometric function, i.e., 
the Jacobi polynomials ([1]) 
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At the same time, there exists a number of the Appell-type polynomial families which 
also admit the representation via partial cases of the Gauss hypergeometric function. It is 
known ([!]) that the Laguerre polynomials Ln{x) are presented as follows 


Ln{x) = iFi 

Remarkably, the Hermite polynomials Hn{x) are simply expressed in the terms of those 
functions ([11]) 
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G{x,t) = 

The natural way of generalisation of the Herniitte polinomials is to expand the array of 
ratios for another denominators, it was made in [13], the authors obtained the Gould-Hopper 
polynomials g^{x, h), with G{x,t) = which could be also expressed in the terms of 

the generalized hypergeometric function as follows 
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The aim of this paper is to hnd a polynomial family, which would be the Appell-type 
one and admit the generalized hypergeometric function representation simultaneously. Still, 
there exist the polynomial families which have the needed representation, e.g., the generalized 
hypergeometric polynomials fn {ai-,bj]x ), studied at [ 12 ], such that 
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and the incomplete hypergeometric polynomials associated with generalized incomplete hy¬ 
pergeometric function, studied at [14], but they both are not the Appel-type polynomials. 

The difference between all mentioned classes of polynomials, depending, if they are of 
Appell-type or not and if they possess the generalized hypergeometric function representation 
or do not, has motivated the title of the paper. 

Therefore, let us give the following 


Definition 1. Let A{k, —n) denote the array of k ratios 
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the generalized hypergeometric Appell polynomials. 
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We note that if p = 0, g = 0, A; := m, m := {—l^hk^ the generalized hypergeometric 
Appell polynomials An\m,x) become the Gould-Hopper polynomials gl^{x,h) and if p = 
0, g = 0, m = —2, k = 2 they become the Hermite polynomials Hn{x) mentioned above. 

The main result of this article is the following basic statement. 

Theorem 1. The generalized hypergeometric Appell polynomials An \m, x) dehned by def¬ 
inition 1 are the Appell type ones. 
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2 Basic definitions and notation 


In addition to the rising factorial we use the falling factorial (a;)„ = x{x — l){x — 2) ■ ■ ■ {x — 
n + 1) for n > 0 and (a;)o = 1. In these notation, the following relations holds (see[l]) 


(x)„ = (-l)”(-x)<”', 

and the Gauss product of indexes formula (see [ 6 ]) will be written as follows 
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We note that in the case when either a or 6 is a non-positive integer, the generalized hyper¬ 
geometric function reduces to a polynomial; 
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As far as we deal with the differentiation, the differentiation formula with respect to 
would be useful; 
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3 Basic properties of the generalized hypergeometric Appell 

POLYNOMIALS 


3.1 Being of Appell type. 

Proof of theorem 1. To prove the generalized hypergeometric Appell polynomials An\m, x) 
are the Appell-type polynomials, it is sufficient to show that there exists a formal power 
series A{t) such that the following relation holds 

j.n 
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Using the expansion of into the power series and changing the product of the series 
by the double series, we transform the generating function as follows 
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Using the inhnite sums interchange formula ([2]) 
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The inner sum is precisely equal to the generalized hypergeometric function in the form 
of (3) and, therefore, the relation (4) holds. This means that the generating function admit 
the needed representation (3). 

It should be noted that there is another way to prove theorem 1, which is to replace xt 
by t and mjx^ by a; in problem 26, p.l73 [4], 

As a consequence of theoreml, we derive a new identity for the generalized hypergeo metric 
function. 

Corollary 1. The following identity holds 
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Proof. The generalized hypergeometric Appell polynomials are the Appell-type ones, hence, 
the identity 

^ {An\m,x)} = nA^^l^{m,x) 
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fulfils. 

Representing the polynomials x) in the terms of the generalized hypergeometric 

function according to the dehnition 1 , we immediately obtain the left side of the corollary 
equality. 

To obtain its right side we differentiate the hypergeometric representation of the polyno¬ 
mials A^\m^x) under the Leibnitz rule: 
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Performing the derivative of the hypergeometric function, we obtain 
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that ends the proof. 


□ 


Since an arbitrary polynomial on one variable Pn{x) G C[a;] always permits the formal 
series representation 


n 


Pn{x) = '^aiX\ 
i =0 

then we are interested in hnding those representation for the generalized hypergeometric 
Appell polynomials. 
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Corollary 2. The generalized hypergeometric Appell polynomials An\m^x) possess 
(i) the standard basis representation 

\ Tt / /t 1 - / \ Tf) / \ ' 

An {m,x) ^ i!k/^^(n-kiy. ’ 

(a) the differential operator formal power series representation 
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Proof, (i) We use an approach from [9] which is based on the idea of the connection problem. 

Given the two polynomial families of Appell type {Pn{x)} and {Qn{x)} with generating 
functions Ai{t) and A 2 {t) respectively, the solution of its connection problem could be written 
as follows: 
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We are searching for the unknown coefficients ak to decompose the polynomials 

Qn{x) = x"',A 2 {t) = 1 

upon the polynomials Al!i^\m,x) defined by (3) with generating function Ai(t) defined by 
(7). Deriving the ratio of generating functions A 2 {t) and Ai{t) we have 


^2{t) (-1)^’'^^'’/ Nr.fcr .n-rk 

' r=0 r=0 

and, constructing the corresponding coefficients an-m, we obtain the needed representation. 

(ii) An arbitrary Appell-type polynomial Pn{x) could be also written in the symmetric 
form 

Pn{x) = ^ {^\ciX'^~\ 
i=0 ' 

According to [5], the latter expression is equivalent to the following differential operator 
representation 
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we educe a differential operator formal power series representation of the generalized hyper¬ 
geometric Appell polynomials of the form of (9). 

□ 


Remark. Comparing the power series (1) and operational formula(9) of the generalized 
hypergeometric Appell polynomials to the corresponding ones of the Gould-Hopper polyno¬ 
mials 

= g-{x,h) = {e^^-)x\ 

it is easy to see that the latter have more compact forms. 

Symmetry. Substituting the negative value of argument into the formula (8) 


4‘>( 


m, 


-X) = 


[n/k] 

Z 

i=0 


, .n-fcin!(-ir(7)Vd n-fc* 

i\k^'^{n — ki)\ ’ 


we conclude that, in the case of even k, the generalized hypergeometric Appell polynomials 
are the even ones themselves while n is an even number, and they are the odd ones themselves 
while n is an odd number; 
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Otherwise, for any odd k in the case of odd n, the summands standing on the even places 
change their signs into the opposite ones, and the same do the summands standing on the 
odd places in the case of even n. 


3.2 Addition and Multiplication Formulas and Other Properties 

Here we shall prove the following result. 

Theorem 2. The following formulas hold for the generalized hypergeometric Appell poly¬ 
nomials 

{i) addition formula 
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{iv) convolution type identity 
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Proof. The addition and the multiplication formulas hold for all Appell-type polynomial 
families ([5]), consequently, they hold for the generalized hypergeo metric Appell polynomials 
as well. The indexes interchange formulas could be obtained applying methods proposed in 
[9] and the convolution type identity is obtained by the simple direct calculations. □ 

It is worth stressing, that the polynomials An\m, Mx) loose the property of being of 
Appell-type. Moreover, the generalized hypergeometric polynomials over the polynomials 
could be dehned in the same manner as the generalized hypergeometric Appell polynomials; 
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where 


f{x) = aox^ + aix^ ^ Op, oq 7^ 0, 


which submit the following differentiation rule 


■^Al/\m,f{x)) = nf{x)A^/l^{m,f{x)). 

In particular, in the case when p = oq = 1, we obtain the Appell differentiation. 
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B piii CTaTTi mh npe.a,CTaBjiHeMO noee ciMeiicTBO MHoroHjieuiB Tuny Annejia {Aili^\m,x)}, 
n,m G No, k G N, Kosceu npe.a,CTaBHHK hkofo BusHaueHuu ua^ uojieM .a,iiicHHx uuceji i Moace 
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HacTyuHHM uhhom: 
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i o.a,HOHacHO MHoroHjieuu u,Boro ciMeiicTBa e MHoroujieHaMu Tuny Annejia. 

fXnn MHoroHjieuiB n,Boro ciMeiicTBa Buepme suaii^eHO nopo^pKyiOHy (JiynKpiio i ^OBe.a,eHO, 
mo BOHH e MHoroHjieHaMH Tuny Annejia. 3Haii.a,eHO posKjia.!], upe^gCTaBHUKiB u,Boro ciMeiicTBa 
3a CTaH.a,apTHHM basucoM b saMKuyTiii cjjopMi Ta y cjjopMi pH.a,y .a,H4)epeHu,iajiBHoro onepaTO- 
pa, a TaKOJK uoBy TOTOiKuicTB ysarajiBueHOi rinepreoMeTpuuHOi (JiynKpii. BcTaHOBjieuo 
cjjopMyjiH flo^aBauHH Ta MHOscenuH apryMeuTy Ta .reuKi iumi. 



